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ABSTRACT
Dynamical evolution drives globular clusters toward core collapse, which strongly
shapes their internal properties. Diagnostics of core collapse have so far been based
on photometry only, namely on the study of the concentration of the density profiles.
Here we present a new method to robustly identify core-collapsed clusters based on the
study of their stellar kinematics. We introduce the kinematic concentration parame-
ter, ck, the ratio between the global and local degree of energy equipartition reached
by a cluster, and show through extensive direct N -body simulations that clusters ap-
proaching core collapse and in the post-core collapse phase are strictly characterized
by ck > 1. The kinematic concentration provides a suitable diagnostic to identify
core-collapsed clusters, independent from any other previous methods based on pho-
tometry. We also explore the effects of incomplete radial and stellar mass coverage on
the calculation of ck and find that our method can be applied to state-of-art kinematic
datasets.
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1 INTRODUCTION
Globular clusters (GCs) are old stellar systems significantly
shaped by the internal two-body gravitational interactions
between their stars. A major outcome of GC secular evolu-
tion is the gravothermal instability, leading to the collapse
of the core (e.g. Hénon 1961; Lynden-Bell & Wood 1968).
The process of core collapse strongly affects their structural,
morphological and kinematic properties.
A common way to observationally classify clusters that
have undergone core collapse relies on the study of their
surface density profiles. Core-collapsed clusters are identi-
fied as those with density profiles exhibiting a central cusp
described by a power-law, as opposed to pre-core collapsed
clusters characterized by profiles following a simple one-
component King model with a flat core (e.g. Djorgovski &
King 1986; Chernoff & Djorgovski 1989; Trager et al. 1995).
This distinction can, however, not be definite as clusters
with a central photometric cusp can also be successfully de-
scribed by high-concentration King models or multi-mass
models (see Meylan & Heggie 1997 and reference therein).
According to this classification approximately 20% of
the Milky Way (MW) GCs are core collapsed. However,
there is no robust connection between their central concen-
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tration and their actual dynamical state. In fact, physical
processes such as binary heating can induce a reexpansion
of the core and significantly complicate the interpretation
of the current state of a cluster based solely on the study
of its density profile (Chernoff & Djorgovski 1989; Heggie &
Giersz 2009).
In this Letter, we propose a new and complementary
approach to identify core-collapsed clusters based solely on
internal kinematics. Our approach consists of studying the
evolution of energy equipartition in a GC, driven by the re-
distribution of energy between stars through their mutual
gravitational interactions. While massive stars lose energy
and sink toward the central regions, low-mass stars gain
energy and move outwards. This results in a mass segre-
gated cluster, characterized by a mass-dependent velocity
dispersion (e.g. Webb & Vesperini 2017; Bianchini et al.
2016; Trenti & van der Marel 2013). Measurements of the
degree of energy equipartition are now within reach of ob-
servations thanks to state-of-the-art Hubble Space Telescope
(HST ) proper motion datasets (e.g. Heyl et al. 2017; Bellini
et al. 2018 and HSTPROMO collaboration, Bellini et al.
2014) or Gaia proper motions (Pancino et al. 2017), allow-
ing us to measure the velocity dispersion profile as a function
of stellar mass.
Here we study the specific relation between the global
and local degree of energy equipartition and the process of
core collapse of a GC, using an extensive set of N -body sim-
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Figure 1. Time evolution of the energy equipartition parame-
ter meq (see eq. 1) measured at different Lagrangian radii for
simulation MW20. From bottom to top: within 10% Lagrangian
radius (blue line), 10-20% (purple line), 20-30% (pink line), 30-
40% (red line), 40-50% (orange line), at 50% Lagrangian radius
(yellow line) and within the 50% Lagrangian radius (black line). A
radial dependence of meq is observed, with the central regions of
the cluster reaching a state closer to full equipartition (i.e. lower
meq). The meq within r50 (black line) exhibits a non-monotonic
behaviour; this is due to the interplay of mass segregation, core
collapse and the radial-dependent velocity dispersion.
ulations (Section 2). From our models we are able to iden-
tify a kinematic fingerprint of core collapse using the newly
introduced kinematic concentration parameter (Section 2.1
and 3).
2 SIMULATIONS
We collect a sample of 26 direct N -body simulations origi-
nally presented in Bianchini et al. (2017) (see also Miholics
et al. 2016) and Webb & Vesperini (2016), using the N -
body codes Nbody6tt (Renaud et al. 2011; Renaud & Gieles
2015) and Nbody6 (Aarseth 2003; Nitadori & Aarseth 2012).
The simulations from Bianchini et al. 2017 include a Kroupa
(2001) initial mass function, while the ones from Webb &
Vesperini 2016 utilize a Kroupa et al. (1993) mass func-
tion. All the simulations have lower and upper stellar mass
limits of 0.1 and 50 M, include stellar evolution and the
presence of a tidal field. The initial configurations are sam-
pled from a Plummer (1911) distribution and encompass
a large range of initial configurations (number of particles
N=50, 000−100, 000 and initial half-mass radius r50 = 1.1−6
pc; see Table 1). Simulations from Bianchini et al. (2017) are
either evolved in a variety of time-dependent tidal environ-
ments describing the evolution of a GC accreting onto the
MW from a disrupting dwarf galaxies, or in circular orbit
around the MW or a dwarf galaxy (see Bianchini et al. 2017
and Miholics et al. 2016 for details). Simulations from Webb
& Vesperini (2016) include clusters with eccentric orbits, pri-
Table 1. Initial conditions of our set of simulations originally
presented in (1) Bianchini et al. (2017) and (2) Webb & Ves-
perini (2016). Here we report the initial number of particles N ,
the initial half-mass radius r50, the distance to the galactic cen-
tre dGC and the mass of the host dwarf galaxy MDW , if present.
The primordial binary fraction, black holes retention fraction and
eccentricity of the orbit are specified; if nothing is specified, the
percentage of primordial binaries and retained black holes is zero,
and the orbits are circular. The detailed description of the simu-
lations set up is presented in the corresponding papers.
N r50 dGC MDW comments ref.
MW only ×103 pc kpc M
MW10 50 3.2 10 − − (1)
MW15 50 3.2 15 − − (1)
MW15-R1.6 50 1.6 15 − − (1)
MW15-R4 50 4.0 15 − − (1)
MW20 50 3.2 20 − − (1)
MW30 50 3.2 30 − − (1)
E0R6RM1 100 1.1 6 − − (2)
E0R6RM1B4 100 1.1 6 − 4% bin (2)
E05RP6B4 100 1.1 6 − 4% bin, e=0.5 (2)
E0R18B4 100 1.1 18 − 4% bin (2)
E0R6RM1BH25 100 1.1 6 − 25% BHs (2)
E0R6RM1BH50 100 1.1 6 − 50% BHs (2)
Dwarf only
DWL 50 3.2 4 1010 − (1)
DWS 50 3.2 4 109 − (1)
DWS-R1.6 50 1.6 4 109 − (1)
DWS-R4 50 4.0 4 109 − (1)
Accreted
DWL-MW10-evap 50 3.2 10 1010 − (1)
DWS-MW10-evap 50 3.2 10 109 − (1)
DWL-MW20-evap 50 3.2 20 1010 − (1)
DWL-MW10-fal 50 3.2 50 1010 − (1)
DWS-MW10-fal 50 3.2 50 109 − (1)
DWL-MW15-fal 50 3.2 50 1010 − (1)
DWS-MW15-fal 50 3.2 50 109 − (1)
DWS-MW15-R1.6-fal 50 1.6 50 109 − (1)
DWS-MW15-R4-fal 50 4.0 50 109 − (1)
DWS-MW30-fal 50 3.2 50 109 − (1)
mordial binaries, and/or non-zero black hole retention frac-
tions.
2.1 Measuring the degree of energy equipartition:
local vs. global
For each time step in our simulations we compute the de-
gree of energy equipartition reached by the cluster using the
method introduced by Bianchini et al. (2016) based on a fit
of an exponential function to the mass-dependent velocity
dispersion σ = σ(m)
σ(m) = σ0 exp
(
−1
2
m
meq
)
, (1)
with σ0 indicating the extrapolated value of the velocity
dispersion at m = 0, and the parameter meq the degree of
partial energy equipartition reached by the system: clusters
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3Figure 2. Level of energy equipartition within the half-mass radius meq(r < r50) versus the level of energy equipartition at the half-mss
radius meq(r50), for simulation MW20. Left panel: Intrinsic meq measured from the velocity dispersions as a function of the intrinsic
radius. Right panel: meq measured from the projected snapshot. Red points indicate post-core collapse snapshots and lie above the 1:1
line (the few exceptions are related to the cluster being close to dissolution). This indicates that post-core collapse clusters exhibit a value
of meq(r < r50) higher than the local meq(r50), particularly evident when measured in projection (right panel). This can be explained
by the effect of strong mass segregation occurring during core collapse, affecting mainly the inner regions of the cluster.
characterized by lower values of meq are closer to full energy
equipartition. The single parameter meq uniquely describes
the shape of σ(m) at lower as well as at higher stellar masses,
and provides a more flexible description of σ = σ(m) than
the traditionally used power-law σ ∝ m−η (e.g. Trenti &
van der Marel 2013).1
The mass-dependent velocity dispersion curves are cal-
culated considering the following stellar mass bins: m < 0.3,
0.3 < m < 0.4, 0.4 < m < 0.5, 0.5 < m < 0.7, m > 0.7 M.
Since the level of equipartition reached by a cluster is a ra-
dially dependent quantity (because it directly depends on
the relaxation time of a cluster, which is a local quantity),
we compute σ(m) locally within different Lagrangian radii2
as well as globally within the 50% Lagrangian radius. The
velocity dispersion is calculated as the average of the three
velocity dispersion components, σ2 = (σ2x + σ2y + σ2z)/3. For
each of the local and global σ(m) curves we estimate the
degree of equipartition with the parameter meq.
Figure 1 shows the time evolution of meq for one of the
simulations (MW20, GCs evolving in a circular orbit at 20
kpc around the MW’s centre) calculated locally within dif-
ferent Lagrangian radii as well as globally within r50. While
dynamical evolution proceeds, the system approaches a state
closer to full equipartition (decreasing meq). A clear radial
dependence of meq is observed, with the central regions of
the cluster reaching a state closer to full equipartition, in ac-
cordance with the shorter relaxation times in these regions.
When core collapse is approached (' 8 Gyr), meq in the
inner Lagrangian radius increases, indicating stronger inter-
action between massive stars in the central region due to
the collapse of the core, enhancing their velocity dispersion.
1 The equipartition parameter meq can be converted to a local η
parameter using eq. 4 of Bianchini et al. (2016).
2 The Lagrangian radii are calculated as the radii containing a
given percentage of the total mass.
After core collapse, at every Lagrangian radii, the process
of equipartition significantly slows down (in agreement with
Webb et al. 2017; Giersz & Heggie 1996)
The global value of meq within r50 exhibits a non-
monotonic behaviour, with a peak at ' 8 Gyr. This be-
haviour is due to the interplay between the radial depen-
dence of the velocity dispersion and mass segregation. Since
high-mass stars fall in towards the cluster centre, the high-
mass end of σ(m) will become dominated by stars with a
higher velocity dispersion as the cluster undergoes mass seg-
regation. Conversely, with lower mass stars migrating out-
wards, the low-mass end of σ(m) will become dominated by
stars with a lower velocity dispersion since σ decreases with
clustercentric distance (Webb & Vesperini 2017). Since the
central velocity dispersion will continue to increase as the
cluster approaches core collapse, meq within r50 will stop
decreasing and start to increase, despite meq continuing to
decrease locally throughout the cluster.
In the rest of our work we will consider the relation
between the evolution of the local and global meq param-
eters (meq(r50) and meq(r < r50)) and the onset of core
collapse. For this purpose we introduce a new parameter
named the kinematic concentration, ck, which is analogous
to the standard photometric concentration parameter c (e.g.
Harris 1996, 2010 edition) and will be used as an indicator
of core collapse. The kinematic concentration is defined as
the ratio between the degree of equipartition reached globally
within the half-mass radius and locally at the half-mass ra-
dius,
ck =
meq(r < r50)
meq(r50)
. (2)
The local meq(r50) is calculated considering stars be-
tween the 40% and 60% Lagrangian radii, r40 and r60. All
the following figures will refer to simulation MW20, but
equivalent results hold for our entire set of simulations.
Moreover, to facilitate a comparison with observations, we
MNRAS 000, 000–000 (0000)
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Figure 3. Top panel: Time evolution of the kinematic concentration ck = meq(< r50)/meq(r50) for the projected snapshots of simulation
MW20. The red line indicates snapshots after core collapse, the shaded area indicates values of ck measured using the 40% and 60%
Lagrangian radii (lower and upper limit, respectively). The curves have been smoothed by averaging the values of ck of 100 consecutive
snapshots. Central panel: Time evolution of the 1% Lagrangian radius, r1, indicating the collapse of the core at ' 8.4 Gyr. Bottom
panel: Time evolution of the photometric concentration c = log(r99/r1). When the cluster approaches core collapse, and throughout the
post-core collapse phase, the value of kinematic concentration ck reaches values > 1. This is a strong kinematic signature of core collapse.
will measure ck using both the intrinsic and projected prop-
erties of stars in the cluster, as specified in rest of the text.
3 KINEMATIC FINGERPRINT OF CORE
COLLAPSE
In Figure 2 we plot the global measure of equipartition
meq(r < r50) versus the local measure of meq(r50) for all
the time snapshots of our reference simulation. In the left
panel, we show the results for the intrinsic quantities, while
in the right panel we consider snapshots projected on to the
plane of the sky. In both cases, the snapshots start away
from equipartition (both globally and locally, i.e. high val-
ues of meq, top right corner of each plot) and progressively
approach higher degrees of energy equipartition, until reach-
ing a minimum at around meq(r50) ∼ 2 − 3 M. Until this
point the global value of meq is always lower than the lo-
cal value. Once the cluster reaches core collapse (8.4 Gyr,
red points), the global value of meq increases and settles to
values higher than the local meq. In the post-core collapse
phase, the global meq remains higher than the local value.
This result is stronger for the projected snapshots.
In Figure 3 we present the time evolution of the kine-
matic concentration ck (see eq. 2) compared to the evo-
lution of the 1% Lagrangian radius r1 (i.e. a proxy for
the King core radius) and of the photometric concentration
c = log(r99/r1), with r99 the 99% Lagrangian radius, used
as a proxy for the limiting radius. All of these quantities are
measured in projection. The plot clearly shows the corre-
spondence between the peak of ck and the collapse of the
core, indicated both by the minimum of r1 and by the peak
of c. The clusters reach values of kinematic concentration
ck > 1 in the latest phases of core-collapse and maintain
such values throughout the post-core collapse phase. To ex-
plore how measurements of ck depend on the radial range
used, we illustrate with the shaded region in the top panel of
Figure 3 the effect of measuring the local and global meq us-
MNRAS 000, 000–000 (0000)
5Figure 4. Left panel: Level of energy equipartition within the half-mss radius meq(r < r50) versus the level of energy equipartition at
the half-mss radius meq(r50) for all our simulations. Right panel: Evolution of the kinematic concentration ck = meq(< r50)/meq(r50)
as a function of time (normalized by the time of core collapse tcc), for all our simulations. Red points indicate snapshots in the post-core
collapse phase and they are all characterized by kinematic concentration ck > 1. All the snapshots are considered in projections, and the
curves have been smoothed by averaging the values of ck of 100 consecutive snapshots.
ing the 40% and 60% Lagrangian radii, r40 and r60, instead
of r50. Our result does not strongly depend on the choice of
the Lagrangian radius.
It should be noted that the photometric concentration
c tends to decrease in the later phases of post-core collapse,
yielding values that do not uniquely identify the cluster as
being in the post-core collapse phase. ck, on the other hand,
stays above 1 indefinitely once core collapse has occurred.
This suggests that a cluster will maintain values of ck > 1
even when reexpanding because of binary heating or pres-
ence of black holes.
In Figure 4 we show the evolution of the local and global
meq for all our simulations, indicating the validity of our re-
sults for the variety of initial configurations and dynamical
histories described by our clusters. Figures 3 and 4 demon-
strate that the kinematic concentration ck provides a ro-
bust kinematic signature of core collapse, completely inde-
pendent of the standard photometric definition, and clearly
connected to the physical processes taking place. We em-
phasize that the initial clusters’ density, their black holes
retention fraction, the presence of primordial binaries and
the variety of tidal environments do not compromise the
ck > 1 criterion for core collapse; however, these ingredients
do affect the detail of the evolution of the meq parameter
(Fig. 4, left panel). We defer the analysis of these depen-
dencies to a subsequent investigation. We note that while
ck does technically become greater than 1 before core col-
lapse occurs, this pre-core collapse phase lasts on average
between 0.4− 2.0 Gyr (corresponding to 0.1− 1.5 half-mass
relaxation times) such that it can be said with confidence
that all clusters with ck > 1 are in the post core collapse
phase, or close to it.
Finally, in view of an application to proper motion data
sets, we have explored the robustness of our results after in-
troducing a radial and mass dependent incompleteness to
the simulation outputs. Local measurements of the veloc-
ity dispersion at a given mass bin are not affected by in-
completeness; however, global values could be biased, if no
correction is taken into consideration (e.g. weighing the ra-
dial velocity dispersion profile with the number density).
Our tests shows that even if the data are incomplete, the
measure of the kinematic concentration ck can be recovered
unbiased for both the pre- and post-core collapse snapshots.
4 CONCLUSIONS
In this Letter we present a new diagnostic for identifying
GCs that have undergone core collapse, independent from
previous methods that are based on studying GC density
profiles. Our method is based on stellar kinematics and
the interplay between mass segregation/energy equipartition
and core collapse.
We introduce the kinematic concentration parameter,
ck, the ratio between the global and local degree of energy
equipartition reached by a cluster, and show that its evo-
lution traces the onset of core collapse. In particular, we
demonstrate that values of kinematic concentration ck > 1
correspond to evolutionary phases concurrent with core col-
lapse and to the post-core collapse phases. This result is
independent from the variety of initial conditions and dy-
namical evolutions of our set of simulations.
We test the validity of our results on our simulations
including data incompleteness in anticipation of direct ap-
plication to observational data. This test confirms that
the measure of the kinematic concentration ck is accessi-
ble through the study of the velocity dispersion profile as a
function of the stellar mass, currently available for state-of-
the-art proper motion datasets of a sample of MW GCs (see
e.g. Heyl et al. 2017 and Bellini et al. 2018).
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